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Abstract
Many of engineering, industrial, and service systems have multiple outputs, sometimes called
responses. In multiple response optimizations, the aim is to select the best combination of
factors considering all characteristics of the outputs. In this study, the existing methods of
analysis and modeling such problems are reviewed, and a mathematical programming-based
approach will be presented for optimization of systems with categorical variables. It is also
assumed that both design factors and output characteristics are measurable in a categorical
way. In order to describe the computational structure of the proposed method, a real case
study on a welding process has been analyzed.
Keywords: response surface methodology; categorical variables; logit model; mathematical
programming
Topic Groups: Industrial organization, Production and operations management
1. INTRODUCTION
Response surface methodology (RSM) is a statistical-mathematical method used for analyzing
and optimizing processes (Montgomey,2005). In analysis process, experts usually face
complex systems that have multiple response variables. Multiple response variables cause
difficulties because an optimal point for a response may not be an optimal for the others.
Hence, different ways of modeling and optimizing method have been introduced to solve this
kind of problems. Multi response surface (MRS) is a useful way to satisfy more than one
output characteristic.
Current researches in this area continue in the following three main subareas: design,
modeling, and optimization (Bashiri and Hejazi, 2009). The purpose of this study is to
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consider the last two phases- modeling and optimization. In the modeling phase, the proposed
methodology expressed that both dependent and independent variables are categorical.
Therefore by this assumption, logistic regression and dummy variables would be used
respectively.
The rest of the paper has been organized as follows. In Section 2, literature review on some
earlier works in model building and optimization has been described. The proposed approach
and related topics are described in Section 3. In Section 4 a real case study is analyzed by the
suggested methodology, and finally, Section 5, gives some conclusions and directions for
further studies.
2. LITERATURE REVIEW
RSM problems fall into three categories. In this section, some previous work on model
building and optimization of multiple response surface are reviewed separately.
2.1. Statistical model building
Generally, there are different ways to find the relationship between input and output variables.
Ordinary least Squares (OLS), Principal Component Regression (PCR), and Partial Least
Squares (PLS) are some of classic mathematical models in this regard. OLS is most widely
used method in modeling response surfaces. In particular, logistic regression is a flexible
statistical modeling way that provides a method to analyze categorical response data.
Salmasnia et al., (2012), presented an efficient approach based on Principal Component
Analysis (PCA) and a conventional desirability function is applied to optimize correlated
multiple responses. This approach considers different levels for variance and correlation of
responses. Routara et al., (2010) proposed a multi-objective optimization model by applying
Weighted Principal Component Analysis (WPCA) with Taguchi approach of predicting
optimal setting. Mehrjoo and Bashiri (2013) proposed a method based on PCA to reduce the
extensive dimension of shop floor data and logistic regression analysis to make a predictive
tool and pre-check of daily production plan capability to improve the effectiveness of decision
making. The proposed approach used in a real case in Iranian automotive industry. Zhou et
al., (2008) used un-weighted and weighted ordinal logistic regression to reveal quantitative
relationships between design elements and customer affective needs. A case study of Volvo
truck cab design also reported. Shah et al., (2004) applied the Seemingly Unrelated
Regressions (SUR) method for estimating the regression parameters where the response
variables are correlated. Lawson and Montgomery(2006) provided a review on logistic
regression, where the output is binary, nominal, ordinal. Also they demonstrated its use in
modeling data from a business process involving customer feedback. Ezgi et al., (2009),
proposed an approach to explore user perceptions about kitchen faucet styles and to find
optimal levels of design parameters related to product appearance by ordinal logistic
regression. Huang et al., (2009) proposed a new method by using ordinal logit model to
determine the association between pubertal maturation and age at menarche, maturation, age
of peak height velocity, adult height, and some other similar factors.
2.2. Multi response optimization
Optimization of multi response problem could be classified by uncertainty issue. Desirability
function, Taguchi loss function and classical optimization approaches are formally applied to
solve standard problems. Del Castillo et al., (1996), demonstrated the use of modified
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desirability function for optimizing a multi response problem. Ames et al., (1997) presented a
quality loss function approach in response surface models to deal with a multi response
problem. In their strategy, they described the response surface, which can be combined into a
single loss function by using know or desired targets. Bashiri and Hejazi (2009), used
Multiple Attribute Decision Making (MADM) methods in converting multi-response to single
response inorder to analyze the robust experimental design. Hejazi et al., (2011), aggregated
multiple responses by using goal programming method and assumed several correlated
response variable with probabilistic important weights. Bashiri and Hejazi (2012)proposed a
novel mathematical model for optimization of multiple correlated based on principal
component analysis (PCA). To illustrate the efficiency of the proposed method, they proposed
two cases from literature. Kazemzadeh et al., (2008) proposed a general framework for multi
response optimization problem based on goal programming. They attempts to aggregate all of
charecteristics into one approach. Ramezani et al., (2011), proposed the method which uses
prediction intervals to trade-off between responses in an objective manner. Their new method
combines concepts from the goal programming approach with normalization based on
negative and positive ideal solutions. The non-dominated solutions are obtained by
normalized GP and ranked by TOPSIS. Hejazi et al., (2014), considered multiple correlated
responses and proposed a novel mathematical model based on PCA and Response surface
methodology (RSM). Then, proposed goal programming made, by using principal component
and by some random method, the optimal solution obtained. The method is represented by a
numerical example from the literature to confirm the efficiencies. Table 1 gives a summary
and comparison of some recent study in the case of modeling part of RSM methodology.
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Table 1: Comparisons of some earlier studies related to statistical modeling
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3. PROPOSED METHODOLOGY
In this study a mathematical programming model is developed to optimize response surface of
systems with categorical dependent and independent variables. To reach this, the control and
response variables are firstly determined by process experts. As all independent variables are
categorical, dummy variables would be dedicated to them. So these variables are treated as
the modified control variables. Then the relationship between the control and response
variables are estimated through a regression equations according to the type of the responses
(ordinal, binary, nominal). In next step, multi objective problem is formed to maximize the
function with highest priority. The proposed method is demonstrated by a real case study of
experiments conducted on a friction stir welding process. These steps are also drawn by
Figure 1.
Figure1: Proposed method in flowchart view
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3.1 Mathematical modeling
Logistic regression is the main modeling approach where there are some categorical
dependent variables, n (i=1,..,n). Since in this study, factors are also categorical variables, the
idea of dummy variables has been applied to show levels of each factor. So,

and denote vector of predictor
variables and response respectively. The value of “j” marks as the number of categories
response variable. Odds also shown as . The probability of being in each of the categories
consider in Eq (1).
(1)
π B j=

=

j=1,…j-1
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In which
and
consider as vector parameter
of model: =(. Eq (1) is named as logistic function, but as it is nonlinear with respect to
parameters of model. The value of cumulative event probabilities of response variables are
calculated by Eq (2).
(2)

j=1,…j-1

P(y

The ratio of cumulative event probability for jth category to the summation of category jth to j1, known as odds ratio shown in Eq (3).
(3)
Odds(y
1

=

=

exp(

j=1,…j-

3.2 Mathematical programming
After the empirical relationship between inputs (factors) and output (response) are being
estimated, a mathematical programming can be constructed for optimization. In ordinal
logistic regression, variables are categorized from lowest to the highest utility. Therefore the
aim is to maximize the function with highest priority.
(4)
Max
Subject to:

>

=1,2,…j-1

(5)

(6)

(7)
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Constraint6: since the aim of ordinal logistic regression is to maximize the function with
highest priority, and variables are categorized from lowest to the highest utility, so this
constraint should be established.
Constraint7: to allocate only one value to independent variable.
Constraint8: dummy variables consider as binary.
4. CASE STUDY
In order to provide a better interpretation of the suggested method, a real friction stir welding
process is considered. In this research to realize the effect of designed parameters including
rotational speed (x1), linear motion speed (x2), shoulder diameter tool (x3), a Box-Behnken
design is used to find significant effects on response variables (tensile strength and
elongation). Tensile strength and elongation modelled by binary and ordinal logistic
regression respectively. The process of friction stir welding is shown in figure2.
Figure2: Schematic of friction stir welding process

For categorizing independent variable, dummy variable dedicate to them as shown in table 2.
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Table 2: Defined dummy variables for independent variables

X1
X2
X3

Dummy variable

value of
independent
variable
1
2
3
1
2
1
2

D11

D12

0
0
1

0
1
0

D21

D31

0
1
0
1

Results of modeling binary and ordinal logistic regression by Minitab software indicated that
in the both model, independent variable “shoulder diameter tool” is not significant. So this
variable is omitted. Frequency of each response category after omitting variable X3, shown in
Table 3.
Table 3: Frequency of response surfaces
ID

1
2
3
4
5
6

X1

1
1
2
2
3
3

X2

1
2
1
2
1
2

First
category
0.75

0.5

Y1
Second
category
0.125
0.25
0.875
0.25
0.25

Third
category
0.125
0.75
0.125
0.75
0.25
1

Y2
First
Second
category category
1
0.25
0.75
0.5
0.5
1
0.875
0.125
1

In this research, interaction effect between dummy variable in ordinal logit regression has
been considered by defining variable D1221.
D12*D21=D1221
Estimation of ordinal logistic regression and probability of each surface is shown in below:
Ordinal logit:
=3.75076-1.77667 D11-2.7785 D12-5.11443 D21 +3.01062 D12D21
=-1.77667 D11-2.7785 D12-5.11443 D21 +3.01062 D12D21

P(y

)=π1 +π2=

B
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P(y

=π1=

P(y
1-p(y

=p1B1
= p12

π3 ==p13

Binary logit:
ἡ 21= -2.41424 - 2.7004 D11+2.56225 D12 +3.11296 D21

P(y2=2)=

=p22

P(y2=1)==p21
Mathematical programming
Max Z1=

Max Z2 =
St:

<=1
Dij:binary
Optimization of bi-objective model
Optimization of multi response model is solved by nonlinear programming solver built in
Lingo 11 optimization software.
The results are shown in Table 4
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Table 4: Value of objective functions and probability of each category
Objective
Z1
functions D11 ,D21=1

Z2
D12 ,D21=1

P11

P12

P13

P21

P22

Z1

-3.14.34

1.13155

0.00101

0.04045

0.95852

0.88097

0.11902

Z2

-2.00168

3.26097

0.00752

0.23635

0.75612

0.03693

0.9603

Optimization results of the first response surface (elongation) is as follows:
D11=1, D12=0, D21=1, D1221=0
So x1=3, x2=2 and the optimal surface response is third category by 100 percent ratio.
Also for second response surface (tensile strength):
D11=0, D12=1, D21=1, D1221=1
So x1=2, x2=2 and the optimal surface response is second category by 100 percent ratio.
5. DISCUSSION
The proposed methodology integrates design of experiments for optimization of complex
systems with categorical variables either in inputs or in outputs. Hence, dummy variables and
logistic regression are used respectively. The proposed procedure defined new variable to
consider interaction effect between dummy variables
Future research could expand the scope of this paper by optimization of multi response
problem and considering correlation, dispersion effects between responses by utilizing PCA,
OLS, SUR and some other similar methods. The usage of the proposed approach is
demonstrated on real data example of friction stir welding process. The proposed method is
feasible and easy to implement in other manufacturing and service industries.
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